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ABSTRACT: Following Freivogel et al we consider inflation in a predictive (or ‘friendly’)
region of the landscape of string vacua, as modeled by Arkani-Hamed, Dimopoulos and
Kachru. In such a region the dimensionful coefficients of super-renormalizable operators
unprotected by symmetries, such as the vacuum energy and scalar mass-squareds are freely
scanned over, and the objects of study are anthropically or ‘environmentally’ conditioned
probability distributions for observables. In this context we study the statistical predic-
tions of (inverted) hybrid inflation models, where the properties of the inflaton are proba-
bilistically distributed. We derive the resulting distributions of observables, including the
deviation from flatness |1 — 2|, the spectral index of scalar cosmological perturbations ng
(and its scale dependence dn,/dlog k), and the ratio of tensor to scalar perturbations 7.
The environmental bound on the curvature implies a solution to the n-problem of inflation
with the predicted distribution of (1 — ny) indicating values close to current observations.
We find a relatively low probability (< 3%) of ‘just-so’ inflation with measurable deviations
from flatness. Intermediate scales of inflation are preferred in these models.
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Distribution of € and inflationary scales

B. Conclusions

1. Introduction and motivation

Recent developments in string theory suggest that the universe we observe might be nothing
more than one member of an exponentionally large number of possible metastable de Sitter
vacua — the landscape [J-[]. The number of vacua is likely so large as to be able to allow
the apparent fine-tuning of the cosmological constant via weak anthropic or ‘environmental’
arguments along the lines of Weinberg’s now famous study [d, F|. This would have dramatic
consequences for our understanding of fundamental physics. Indeed, if the landscape of
string theory exists, the approach taken by physicists when studying properties of our
universe will change completely, from the search for a single vacuum state leading to the
standard model of particle physics and cosmology, to a statistical approach, in which one
is interested in the likelihood of finding the standard model among all the possible vacua of
string theory conditioned on some basic ‘environmental’ requirements, such as the existence
of atoms and collapsed galactic structures. Such statistical arguments can be used both to
test the theory from which the landscape originates and to make predictions in terms of
conditioned relative probabilities [H, |, f, . H.

Freivogel et al (FKRMS) [[[2] argued that the landscape also has implications for the
structure and evolution of the universe. At the largest scales it is eternally inflating and

continually producing island universes by tunneling events. Indeed our own region of the



universe is predicted to have experienced a number of such events, the last tunneling event
leading to a conventionally inflating universe that eventually evolved into the region of the
landscape with the almost vanishing cosmological constant we now observe, and with some
of the observed laws of physics (and standard model parameter values) contingent on our
environment. If one accepts such an environmental solution to the cosmological constant
problem, the most pressing question becomes: Which features of our standard model of
particle physics and cosmology are environmentally determined and which are determined
by dynamics?

Recently Arkani-Hamed, Dimopoulos, and Kachru (AHDK) [[[3], suggested that we
might live in a particular predictive region of the landscape where a separation between
environmentally and dynamically determined quantities can be cleanly made. In this re-
gion, which they named the friendly neighborhood of the landscape or ‘friendly landscape’
for short, the dimensionful coefficients of super-renormalizable operators unprotected by
symmetries (such as the vacuum energy, and scalar mass-squareds in the absence of ex-
act supersymmetry) are freely scanned over, while dimensionless quantities or protected
dimensionful quantities (such as gauge couplings and fermion masses respectively) are es-
sentially fixed. This allows for both the successes of the usual ‘unique vacuum’ approach
in building the standard model, such as gauge-coupling unification which would still be
determined by dynamics, together with the success of Weinberg’s environmental approach
for explaining the cosmological constant. In what follows we assume that our universe is
located in such a predictive neighborhood of the landscape.

In this paper we explore in greater detail the implications of the friendly landscape for
inflation [[[4—[7], and the observable signals that arise. The starting point for our analysis
is the simple observation that the overall scale of inflation and the (mass)? of the inflaton
both correspond to unprotected super-renormalizable quantities that according to the sharp
rules of the friendly landscape [[[J] should be freely scanned over. Moreover, the Coleman-
deLuccia tunneling events [R(] that the landscape predicts are in our past produce negative
curvature Friedmann-Robertson-Walker (FRW) island universes, and without a significant
period of inflation our universe would be dominated by curvature and will never match
onto standard hot big-bang cosmology. Indeed, as discussed in [[[q —[[J], the environmental
requirement of structure formation puts an upper bound on the curvature which is close
to the experimental bound. The fundamental reason for this upper bound is that both
positive vacuum energy and negative curvature inhibit structure formation. This bound
on curvature then translates to a lower bound on the duration of inflation.

According to the arguments of FKMRS a conservative environmental (weak anthropic)
bound on curvature obtained by requiring structure on the scales of dwarf galaxy translates
into a lower bound on the number of e-folds of inflation

Nstructure > 5957 (11)

(here it is assumed that inflation takes place at the scale ‘/;1/(14 ~ 10'GeV). Requiring struc-
ture on larger distances such as typical galaxy scales slightly strengthens this bound due
to the logarithmic change of dp/p for sub-horizon scales before radiation-matter equality.



The bound eq. (|L.1]) is remarkably close to the present observational bound on curvature

for a k = —1 universe which translated into a duration of inflation reads!
Nobservation > 62.0. (12)

We show that applying the rules of the friendly landscape to the parameters of realistic
inflationary models, together with the anthropic curvature bound, eq. ([L.1), leads to some
striking statistical predictions for measurable quantities. The observables that we consider
are the deviation from flatness |1 — |, the spectral index of cosmological perturbations 74
(and its scale dependence dns/dlogk), and the ratio of tensor to scalar perturbations r,
all of which can be expressed in terms of just a small number of parameters: the slow-roll
parameters € and 7, the number of e-foldings N and the amplitude d = dp/p (following
Weinberg [l we will use as an input the measured value of dx)?. In the context of the
AHDK friendly landscape applied to realistic inflationary models we are able to study the
probability distributions for €,7, IV and the scale of inflation Vep.q.

In particular we find that the environmental curvature bound in the context of the
AHDK friendly landscape implies a simple statistical solution to the classic n-problem of
inflation [23-Pf], and predicts, at least for a subclass of inflationary models favored by
experiment, that the spectral index, ng, of cosmological perturbations should deviate from
one by an amount close to the current bounds.

If curvature is observed in future experiments then some of our predictions notably
sharpen. Since in future experiments the precision of tests of flatness should be improved
t0 |Qtotal — Lfuture < 1073, the corresponding limit on the number of e-folds assuming no
curvature is seen becomes

‘Qtotal - 1‘0
N, 62 +1 ~ 63.5. 1.3
future = * ©8 <‘Qtotal - 1‘future ( )

This number might be pushed up to N > 64.5 in the far future. Thus for some of our
conditional probabilities we optimistically take the range 62 < N < 64.5 as the region
in e-fold space where curvature could be seen. We shall also discuss bounds imposed by
measurements of the spectral index. Present observational bounds on ng are discussed
in [B9), we will take ns = 0.95 4+ 0.02; this then translates into bounds on the statistical
distributions of slow-roll parameters 1 and € as discussed below.

An important point to note is that the Coleman-deLuccia tunneling event from which,
accordingly to the landscape, our universe originates, produces an open FRW universe
with formally infinite volume. For this reason there is no natural measure proportional to
the volume patch of the inflating universe. Thus, following [[J], we do not include such
volume dependent factors on our measure. For a discussion of inflation in the lanscape
including such volume factors, please refer to [RI]. Moreover, we shall say that inflation in
the landscape was previously discussed by [RZ which, however, beside considering single-
field instead of hybrid inflationary models, worked in a general region of the landscape
instead of the predictive ’friendly landscape’ considered here.

In deriving the observational bound eq. (E) FKMRS used Qtota1 > 0.98, 20 away from the WMAP
result 1.02 4 0.02 [ﬁ]7 and lo off the result of large-scale structure surveys 0.99 & 0.01 [@]
2The possibility of allowing dz to vary, has been discussed in [E] and [ﬂ]



In what follows we often chose units where the reduced Planck mass is set equal to
unity, Mp = (87G)~1/2 = 1.

2. Inflation in the landscape

2.1 Review of hybrid inflation

Hybrid Inflation models [B0-B3 provide not only a flat enough potential for slow-roll
inflation to take place, but also a mechanism for it to rapidly end. This role is played
by an auxiliary field i which, due to its interaction with the slow-rolling field ¢, acquires
an vacuum expectation value only when the latter falls below a critical value ¢. and is
then responsible for the energy density of the universe after inflation. In this model the
potential for the inflaton ¢ and the auxiliary field 1 is of the form

V= j:%m2¢2 + iwﬂ T M*? + %A'¢2¢2 : (2.1)

where the upper sign corresponds to Hybrid Inflation and the lower sign corresponds to
Inverted Hybrid Inflation. The field ¢ starts at ¢; along the ¢ = 0 direction and rolls
down until it reaches the critical point ¢., where it leaves the 1 = 0 path and acquires an
expectation value along the v direction

OVI 0 & gmamde=yfom (2:2)

an wZO_ end ~ Pc — N . .
In hybrid inflation the field rolls towards the origin ¢, < ¢1 < ¢max = 1, while in inverted
hybrid inflation the inflaton rolls away from the origin 0 < ¢1 < ¢.. Assuming that, during
inflation, the potential doesn’t vary much compared to the scale of inflation, the number
of e-foldings is

e

As displayed in eq. ([[.7) this number of e-folds must exceed N, =~ 62 for inflation that
occurs near the scale Mg ~ 10'°GeV. However, if inflation took place at a lower scale,
Vind = AM* /4 < Mé, the universe needs a shorter final epoch of inflation to achieve the
flatness we observe today. This means that the number of e-foldings needed will be smaller

(2.3)

¢y A MA b1
Vo ()

N o0 = [ o =30 log

be

M4 N ¢ Mg

We will discuss the implications of this feature below. We will also need the amplitude of
cosmological perturbations which takes the form
5 1 V3/2 )\3/2 M6
T 5BM3r VI 40VBM3xm2e

(2.5)

For future use we define the constant § = )\3/2/40\/§M37T. We can assume that the
cosmological scales of interest now leave the horizon approximately at the beginning of



inflation, but no more than N, ~ 62 e-foldings before its end, when the value of the
inflaton field was

MeEANom*/M* o N > N,

on = { ? (2.6)

o1 for N < N,

Although the case N < N, is of no practical interest, since present bounds on curvature
have already excluded this region, it is worth studying it in order to understand the origin
of these bounds in terms of probabilities.

The scalar spectral index n, and its logarithmic variation can be written as [1§]

ng=1—-6e+2n~1+2n
dng
dlogk

= 16en — 24€® — 2¢ (2.7)

where the approximation applies to all models with a high inflationary scale; it will be
proven correct in the next section. The slow-roll parameters € and n are given by

V// 4M2 m2

B ) - MO N
Ce X M2
T(V) =

2 \V A2 M8

(2.8)

(¢ vanishes in this model) and the ratio of tensor to scalar density perturbations is given
directly in terms of e,
r=124¢. (2.9)

In this model the shape of the inflationary potential is determined by a small number of
parameters and constraints on dy and N translate into a relation between € and 7,

ANon 52 4
e 0y

= 2.10
() = A (210)
as shown in figure . Since we are interested in the amplitude of cosmological perturbations
and the value of the slow-roll parameters at the present epoch, we shall evaluate both e
and dy at ¢y. In what follows, we will make the natural choice for the dimensionless

parameters A ~ \ ~ 1, implying, 3 ~ 21871,

2.2 Distributions and signals in inverted hybrid inflation

In inverted hybrid inflation [B3, BJ] the field rolls away from the origin towards its criti-
cal value ¢. along a potential slope with negative curvature. This negative curvature is
responsible for an infrared spectrum of cosmological perturbations, ng < 1, as favored by
the latest WMAP data [R9].

As discussed in the introduction, in the framework of the AHDK ‘friendly land-
scape’ [[L3, unprotected dimensionful quantities are scanned over, while dimensionless
quantities are essentially fixed. Therefore, in the string theory ensemble of inflation theories
described by the potential eq. (R.T]), one should scan over ¢1 (the value of the inflaton at the
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Figure 1: The thick line shows the relation €(n) for hybrid inflation models: inverted hybrid
inflation for negative n and standard hybrid inflation for positive n. The dashed lines represent the
bounds of the observational contours at 20 and 3o for n, respectively, as given by @] Constraints
on standard hybrid inflation are much stronger than for inverted hybrid inflation.

beginning of inflation), M and m. While no particular bounds apply on 0 < m < M, =1
and 0 < M < 1, the requirement N > 0 imposes 0 < ¢; < M for the starting field value.?

2.2.1 Combined distribution of N and 7

We begin our discussion on distributions of inflationary parameters by studying the com-
bined distribution of the slow-roll parameter 17 and the number of e-foldings N, from which
we can deduce all the relevant distributions:

o= fon o [ons (- o ()

6 <5H 52¢H> 5 (77 n 32”4 ) (2.11)

We first study the case N > N,, the case N < N, can be deducted from the previous
one by setting N, = N (in this region the slow roll parameters are evaluated at N, = N,

—4Nom? /M* e space of solutions

i.e. at the beginning of inflation). In this case ¢y = e
consists of a single point in the 3-dimensional space (m, M, ¢1), and the delta-functions

can therefore be solved without ambiguity, resulting in the Jacobian

-1 mggble 4mJMJZO
evaluated at the unique solution of the d-functions
B (—77)5/262]\70775%{ B 77eNon(SH B 77e(NoJrN)n(SH
m(N777)_ 3262 ) M(N777)__Ta ¢1(N777)—_ 46
(2.13)

3In principle M is bounded from below by the requirement that the success of Big Bang Nucleosynthesis
is not compromised, and more model-dependently, that at least low-scale electroweak baryogenesis can
occur, implying roughly M > 1TeV. These bounds are too small to have any influence on the present
discussion.



This gives the combined distribution (non normalized)

5:}5{617(4N0+N) (—77)9/2

P(NJ?) = 210ﬁ4 )

(2.14)

where, for N < N, we have to set N, = N.

At this point we can check the consistency of the assumption made in eq. (), that the
scale of inflation is much bigger than its change during slow-roll inflation: one might wonder
if this is still the case when the variables M and m are scanned over. This approximation
corresponds to %ngbz < MT4, or

29m2¢? - 2ot Ning2,
M* 3232

<1 (2.15)

which, due to n being negative, is exponentially small, and thus the assumption is consis-
tent.

If, as suggested by Denef and Douglas [§], the fundamental quantities to be scanned
over, are dm? = 2mdm and dM? = 2MdM and not dm and dM as assumed here, then the
distribution eq. (.14) changes. However, the present results are only marginally sensitive
to such a change in scanned parameters: the distribution P(N,7) becomes proportional to

56 en(7NO+N)(_77)8

(2.16)

but the domain of definition is unaltered. Although this would result in slightly steeper
distributions the main features remain unchanged and our qualitative results will be similar.

Generally, one must make sure that the definition domain of this distribution is com-
patible with the original integration domain in (M, m,¢1) < 1 and the bounds imposed
by the delta functions. As shown in figure I, however, for a given N and &y, the delta
functions naturally constrain (M, m, ¢1) well inside their external bounds. This is an inter-
esting feature for this kind of computation, where parameters are left free to vary within
a given range, because it reduces the amount of input information to a minimum.

As mentioned in eq. (B4), if inflation took place at a lower scale M 44 <« Mé,
then the number of e-foldings needed to solve the flatness problem is reduced N —
N —log(v/2Mg/M). Since M is being integrated over, this contribution could become
significant — its net effect is a shift in the (N, n) plane

<4\/§Mgﬁe‘N0’7> 5

o) — 2 log(2). (2.17)

6
AN, + N — AN, + N — 21 10q
1+n

In what follows we will mainly discuss results following directly from eq. (.14) and analyze
eq. (B-17) only numerically.
2.2.2 Distribution of N

To obtain the absolute distribution of the number of e-foldings, regardless of the value
of n, we integrate eq. (R.14) over the proper range 7 € [Nmin, 0] (recall Ny, < 0). The



Figure 2: The domain of integration in (M, m, ¢1) space as constrained by requiring the right
amplitude of cosmological perturbations dy ~ 1075 for N = 40 (longer curve), N = 62 and
N = 100.

non-normalized distribution is given by

53 1 (4No+N) [Mmin| 945 1

P(N) = 1L / 1972t gt SAOVT . (2.18)
210ﬁ4 (4N0+N)11/2 0 214ﬁ4 (4N0+N)11/2

which, for N < 62 decreases as (N)~1'/2 and for N > 62 as (N + 248)~ /2, as shown in

figure B This gives a 97% probability that the present observational bound N > N, is

satisfied, given the anthropic bound ([.3). However, the likelihood of finding curvature in

future experiments, 62 < N < 64.5, reduces to less than 3%, thus disfavoring the idea that
'just so’ inflation might be favored.* It is worth noting that the result is exponentially
insensitive to the lower bound of integration nuyiy, i.e. it doesn’t influence the distribution
whether we impose the biased observational bound 7y, = (ns — 1)/2 or let the integration
run all the way down to Ny, = —1.

In this case, the shift due to eq. (R.17) doesn’t have an important influence on the
distribution, its effect is also plotted on figure [J.

2.2.3 Distribution of 7

We now would like to calculate the distribution of 7, given observational bounds on N.

4This is in contrast with the work of Freivogel et al, where the distribution of the number of e-foldings
was proportional to N=%. In FKMRS, however, beside a different weight of integration, the constraint on
0z is imposed at the beginning of inflation, independently of the duration of inflation.
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Figure 3: The distribution of N in the inverted hybrid inflation model. The dashed curve includes
the correction from Venq < M.

This implies integrating P(N,n), eq. (R.14), over N € [Nyin, NMax]- If curvature is in the
present allowable range, N € [N, = 62, 00|, then the distribution of  becomes

53, &10No) (_pp)7/2

which, as shown in figure [l, is strongly peaked around its average value at 7 ~ —0.015. This
is an important result of our analysis, in fact it states that the probability that n is within
20 of its present observational bounds 7 € [—0.045, —0.005] is as big as 96%, compared to
0.1% to find smaller n < —0.045 and 3.9% for n € [—0.005,0], in an unobservable small
range for deviations of ng from unity . Thus, the requirement of structure formation ([[.1)
provides a solution to the classic n-problem in terms of probability distributions.

Unless curvature happens to be undetectably small, corresponding to N > 62, then
the distribution of 7 is quite insensitive to its upper detection N bound. For example, if
curvature is found in future experiments between N € [62,64.5], the distribution becomes
proportional to P(n)ne(62,64.5 X eMONo) (—)7/2(1 — e(645-62)1) " Tts average value would
be n &~ —0.017 and the probabilities of finding n € [—0.045,—0.005], n < —0.045 or
n € [—0.005,0] are 98.6%, 0.4% and 1% respectively. Both functions are shown in figure
and compared with the numerical computation of P(n) including the correction eq. (R.17).

2.2.4 Distribution of ¢ and inflationary scales

The distribution of € can be obtained similarly to the one with 7: evaluating the Jacobian
along the solution of the equations for N, §; and e. Alternatively, one can derive the
e-distribution from the n-distribution. This is possible, thanks to the relation eq. (R.10)

between € and 7,

P(e) = P(n(e)) (o) (220)

The function 7(e), the inverse of eq. (R.10), has two different branches of solutions for
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Figure 4: The distribution of n for the different cases, N € [62,00] (thin curve), N € [62,64.5]
(thick curve) and including corrections from Venq << M2 (dashed curve). The vertical dashed lines
represent the observational 1o and 20 bounds respectively, as given by @]

negative 7,

/ / / /
2 = 3w (o, —%) and 7(€) = - <—17—%\/5—]}\;"614> (221)

where w(0,z) = w(z) and w(—1,x) are the Lambert w-function and the generalized Lam-
bert w-function respectively (different branches of the inverse of ze®). The distribution of
€ for N € [Nmin, NMax| becomes

P(e)= QY (0 - Q%" () - QW (o) +Q% (e (2.22)

where

2
S

N
5H\/w (k,_25/4N061/4> 25/4 N, l/4
B (e) = R - Von/b . (2.23)
27 No 9 1 ]{} _25/4No€1/4 ]{} _25/4No€1/4
VoD ( +w< " ou/o AT o/

The term exponentiated to the N-th power is smaller than one, and therefore vanishes

in the N — oo case. We can, again, discuss the cases where curvature is in the present
observable bounds or it will be detected in the near future. In both cases, the distribution
of € increases with e and has a cut-off when the argument of the w-function becomes 1/e,
there the function quickly approaches -1 and the denominator vanishes; this happens for

5H2

~ —16
NI < L8 x 107, (2.24)
o

€EMax —
This natural constraint on e justifies the choice n > € in previous sections and suggests

that, though the upper bound (R.24) is preferred by the distribution, tensor perturbations
will never be detected.

,10,



GeV
5.10' 1.10% 5.10%?

Figure 5: This picture shows the distribution of inflationary scales Vonq plotted in logarithmic
scale for inverted hybrid inflation: the dashed curve represents N € [62,63.5], while the thick curve
N € [62, c¢]. Intermediate scales of inflation are strongly preferred in this model.

In this model, we can use (R.1() and (2.13) to express the scale of inflation Veln/; =
M/+/2 in terms of ¢,
/*ou
]
and easily express the distribution of inflationary scales in terms of the ditribution of e:
P(Venq) = Pg(e(%nd))ﬁe(vend), where €(Vinq) is the inverse of (2.23) and P.(e) is given
by (R.22). Such distribution is plotted in figure f| and shows that the upper bound

Vind = (2.25)

Vend & 5.4 x 1012GeV | (2.26)

corresponding to an intermediate scale of inflation, is strongly preferred: for example, the
probability that the scale of inflation be between Vinq € [4.4 x 1013GeV, 5.4 x 1013GeV] is
about 70%.

2.2.5 Distribution of ) and n,

It is interesting to express these distributions also in terms of directly observable quantities,
such as the index of density perturbations, ns and the curvature 2. While the former can
be expressed by making the simple variable change n = (ns — 1)/2 in eq. (R.19), the latter
is given by

P(0) = Py(N(©)) G N(@) = £Px <62 +log (%)) , (2.27)

where we have used eq. ([.3) and Py (N) is given by eq. (R.1§). Due to the exponential
dependence of 2 on N, the distribution of 2 parameters will always be dominated by the
Q! factor, resulting from the change of variables, unless P(N) is exponentially falling.
These distributions are plotted in figures f] and [ respectively.

— 11 —
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Figure 6: The distribution P(n) of spectral indexes in inverted hybrid inflation (thick line, negative
7n) and standard hybrid inflation (continuous line, exponentially growing, positive n). The vertical
lines represent present observational bounds, at 1, 2 and 3 ¢ respectively.

P(Q)
1. x1077

1. x10°8

1. x10°°

1. x10°10

0. 0001 0.001 0.01

Figure 7: The distribution of € is dominated by its exponential dependence on the number of
e-foldings N, resulting mostly in a P(Q2) ~ Q~! distribution. The vertical lines show both the
present observational bound at 2 < 0.02 and the precision of future experiments, 2 < 0.001.

2.3 Distributions and signals in standard hybrid inflation

It is interesting to compare different models of inflation and investigate the model depen-
dence of the distributions considered above. In what follows we shall apply the methos of
the previous section to standard hybrid inflation.

2.3.1 Combined distribution of N and n

Similarly to the inverted hybrid inflation case, we need

1 1 1 M4 (bl MO
P(N,y) = /0 dm/o dM /M dgy6 (N ~ 5 log (M)) 5 <5H - ﬁm2¢H> x
2
<8 (1= 77 ) © (s = (14 20). (2.29

- 12 —



where now, due to the stricter observational bounds on ns; > 1, we need to constrain the
definition domain via the © function to ns € [0, nMax]. The Jacobian resulting from the
delta-functions is, of course, identical to eq. (2.14), except form the change (—n) — n; the
combined distribution of N and n becomes

§3 en(ANo+N) 0/2
P(N777): = 210B4

(2.29)

However, the domain of integration is now completely different. In first instance, since n
is now positive, m, M and ¢ in eq. (B.1J) are now exponentially growing functions of 7,
therefore the domain of integration is no longer self-constrained, but needs to be bound
from above by ¢ < ¢nax = 1, which is the first of the scanned parameters to reach its
maximum value along the constrained solution of eq. (R.4) and eq. (R.3). This translates
into a bound on 7

1 < Ng(dMax, N) = wdd }LVAJ:)%M&M [On) (2.30)

On the other hand, we also have the ©-function to take into account, this reduces the

definition domain to
NMax — 1

; (2.31)

N < NMn(NMax) =

In general the latter is smaller than the former, however, since the first bound decreases
with increasing N, for a specific value N* they will have the same value, and for N > N*
eq. (R:30) will be the stronger constraint. N* is given by

N = —2 g (%) - N,, (2.32)

ng — 1 Oog(ng — 1

and is plotted in figure §. It slowly decreases with decreasing range of ¢ € [0, ¢nax], but
increases as fast as 1/(nyax — 1) when the upper bounds on ng approach unity. Thus, since
present observational constraints are very strict on positive ng, N* becomes a very large

number.

2.3.2 Distribution of N

To obtain the absolute distribution of the number of e-foldings, we need to integrate
eq. (R.29) over the whole range of definition in 7. Since both the integrand and the limits
of integration are piecewise functions of NN, this requires some care. For N < N* the
bound set by the constraints on the spectral index eq. (B.31]) is always smaller than the
bound coming from the integration domain eq. (R.30), therefore, for these values of N the
integration over 7 is bound by eq. (B.31) and the integrand is given by eq. (£:29), where,
for N < N, = 62 we set N, = N.

ns—1

% 1 (ANo+ )55 9/2 t
P(N)x<n" = 3057 v+ 78 /0 19/2¢t dt (2.33)
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Figure 8: This figure shows N* as a function of the spectral index ng. The thick line is for
@max = 1, while the thin one corresponds to ¢max = 0.01 and the dashed one to ¢max = 0.0001.
The vertical line represent the upper bound of the 30 contour for positive ng.

This distribution is exponentially peaked towards big values of N. Moreover, when N
increases above N* the definition domain of 77 becomes smaller and the integral runs only
up to eq. (R.3(), we obtain

53 1 ot w(4(No+N)B/0kr)
21034 (4N, + N)11/2 [
No

~__ VB <w<4<No + N)ﬁwH))”?‘?’Now
26%% (AN, + N) \ 4(No+ N)B/ou

P(N)N*<N = t9/2€tdt

(2.34)

where we used fotma" t92etdt ~ t?n/gxet"‘ax. The resulting distributions decreases very fast,
due to both the negative powers of N and the exponential. Altogether this shows that, in
this model, the number of e-foldings wants to sit exponentially close to N*. The distribution
is plotted in figure [Jl and shows the sharp peak of probability around N*, way beyond any
reasonably observable value.

Again, we can discuss the corrections due to Vopg < Mé. A detailed calculation shows
that the net effect of this correction is a shift in P(N) as

8v2Me3 )

51 (ny — 1)e(ma—1No/2

N* — N* —log ( (2.35)
which, however, is always smaller than order ten and doesn’t have important consequences
on the distributions around N* ~ 1000.

2.3.3 Distribution of 7

The distribution of 1 depends on the range where curvature is expected. We are interested
in the region N > N, where the probability of finding 1 given N € [Npin, NMax| takes the

form
N=Npniax

52
P(n) x 8—52777/26(N+4N°)" . (2.36)
N=Nmnin
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Figure 9: The distribution of N for positive ng within 3o of its observed value and for ¢nax = 1.

For curvature in the present observable range, N € [62, 0], we shall set Ny, = 62 in
eq. (2:36), while its upper bound will be given by the inverse of eq. (2.3() as a function
of N (since N = oo lies outside the domain of definition of the P(N,n) function). The

result is
3NoN§ 11152 (1 - e2Non g np/2 )

P(n) Nef62,00) X (2.37)

26 4B¢Max
which is exponentially growing for n small enough, which is always true, since n < "ST_l <
0.005.

If curvature turns out to be observable in the near future, N € [62,64.5], we can
approximate e(NMMax—Nain)? ~ 1 4 (NMax — Numin)n and obtain from eq. (R.36)

N3 2yt
P(n)nelo2,63.5] ~ gﬁQ = (NMax — Nimin) (2.38)

which also grows exponentially in up to eq. (R.31)).
Finally we can consider the scenario suggested by the discussion of section R.3.3, when
N = N*. In this case the distribution of 1 grows exponentially as

53, n(4No+N)9/2
21034

P(n)n=n- = (2.39)

This distribution is shown for these three cases in figure [L(, suggesting that, independently
from whether curvature is found in future experiments or not, the distribution of n will be
peaked towards as large as possible positive values. Corrections coming from Voq < Mé
are only logarithmic in 1 and have no influence on such behavior.

As discussed in section P.2., we can interpret this result as a distribution for ng, the
result is also plotted in figure [f.

2.3.4 Distribution of ¢ and inflationary scales

We can use expression eq. (2.2() to deduce the distribution of € from P(n), eq. (B.3q). This
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Figure 10: This picture shows the distribution of 1 parameters, plotted in logarithmic scale, for

the different cases, N € [62, co] (thin curve), N € [62,63.5] (dashed curve) and N around N* (thick
curve).

gives

N | N=Npax
(25/4]\7061/4) 95/4 N, (1/4 No

Voulp 5u/B
VN, <1 tw <w>) B (ﬁv/) - (2.40)
m m N:Nmin

Where the upper bound on the spectral index translates into an upper bound for €

P(e) =

e2No(nsfl)(nS _ 1)45%{
~3x 10716 2.41

en(n) =~

which is, again, too small to have any influence on detectable quantities, such as the
ratio of tensor to scalar perturbations, r. If curvature is in the present observable range,
N € [62, 0], P(€) behaves approximately like

P(e) ~ e V4, (2.42)

and propounds for a vanishing €. On the other hand, if we detect curvature in near future
experiments, N € [62,63.5] the situation is different, we obtain a distribution approxi-

mately proportional to

P(e) ~ '/t (2.43)

therefore slightly preferring higher values of e. If finally, as suggested by the previous
analysis of P(N), the number of e-foldings sits around N = N*, then

N*

P(e) ~ eiNo . (2.44)

Following section P.2.4, we transform the distribution of € into a distribution for the
inflationary scale Vg,q. The result is a power-law growing function of V.4, as plotted in
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Figure 11: The distribution of inflationary scales V¢nq in standard hybrid inflation: the thin line
represents N € [62, 00|, the dashed curve N € [62,63.5] and N around N* corresponds to the thick
line.

figure [[1], with a cut-off, due to observational bounds on the spectral index, for scales bigger
than
Vend & 6.2 x 1012GeV . (2.45)

Although the distribution of inflationary scales is growing only as a power-law function, the
fact that we are interested in a wide logarithmic range in Vg,q means that this distribution
is indeed exponentially peaked towards intermediate scales of inflation. With the present
bounds on curvature, the probability for the inflationary scale to be in Vg € [4.2 x
1013GeV, 6.2 x 1013GeV] is already about 70%.

3. Conclusions

String theory appears to predict the existence of an exponentially large number of vacuum
states — the landscape — corresponding to different possible universes with different values
of the parameters governing the laws of nature. Following Freivogel et al [ we considered
inflation in a predictive (or ‘friendly’) region of the landscape of string vacua, as modeled by
Arkani-Hamed, Dimopoulos and Kachru [[[3]. In such a region the dimensionful coefficients
of super-renormalizable operators unprotected by symmetries, such as the vacuum energy
and scalar mass-squareds are freely scanned over, and the objects of study are anthropically
or ‘environmentally’ conditioned probability distributions for observables. In this context
we studied the statistical predictions of Inverted Hybrid Inflation and for Standard Hybrid
Inflation models, where the properties of the inflaton are probabilistically distributed, and
we derived the resulting distributions of slow-roll parameters, € and 1, and the number of
e-folds of inflation, IV, and thus the distributions of observables, including the deviation
from flatness |1 — €|, the spectral index of scalar cosmological perturbations ns (and its
scale dependence dns/dlogk), and the ratio of tensor to scalar perturbations r. In the
Inverted Hybrid Inflation case, the assumption (following Weinberg’s anthropic study of the
cosmological constant) that the amplitude of cosmological perturbations be of the right size
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du ~ 107°, together with the environmental bound on the curvature, are enough to provide
both an environmental solution to the n problem and to predict measurable deviations of
the spectral index ng from 1, well within present observational constraints (see figure ff). We
find a relatively low probability (< 3%) of ‘just-so’ inflation with measurable deviations
from flatness. For Standard Hybrid Inflation, on the other hand, present observations
already constrain the domain of the distributions of slow-roll parameters to a confined
region n < 0.005. If future experiments reach high enough precision, then this model
predicts that the upper bound of the region of n is exponentially preferred. The distribution
of the number of e-foldings for Standard Hybrid Inflation prefers a large number of e-
foldings, beyond any possibility of a future detection of curvature. In both cases the
slow-roll parameter € is far too small to be ever detected via tensor perturbations in the
CMB radiation, € ~ 1076, and an intermediate scale of inflation (~ 10'2GeV) is strongly
preferred (see figure ff).
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